A method of calculation of rotation-vibration states for a general triatomic that places the body-fixed z axis perpendicular to the plane of the molecule is implemented within a discrete variable representation ͑DVR͒ for the vibrational motion. Calculations are presented for water and H 3 ϩ . For H 3 ϩ the new method improves on previous high accuracy ab initio treatments of the rotation-vibration energies of the molecule both in accuracy and the range of rotational states that can be treated. Reliable treatment of quasilinear geometries means that the method is also promising for treating very highly excited states.
I. INTRODUCTION
The spectrum of H 3 ϩ has now been observed in a number of astrophysical locations 1 and is widely used as an observational handle on ionospheres of gas giant planets. 2 However, unraveling the laboratory spectrum of H 3 ϩ , a necessary precursor to the astrophysical studies has only been achieved with the aid of high-level ab initio calculations. [3] [4] [5] H 3 ϩ is a two-electron system allowing electronic structure calculations of an accuracy unparalleled for any other polyatomic molecule. 6 This has allowed a detailed exploration of effects usually ignored in the ab initio calculation of rotation-vibration spectra. [6] [7] [8] [9] [10] However, even low-lying states of H 3 ϩ undergo large-amplitude vibrational motion and it is therefore a challenging system for nuclear motion studies. There are now a number of reliable methods for calculating low-lying vibrational and rotational wave functions, but many of these have difficulty once the molecule begins to sample linear geometries. The barrier to linearity lies about 10 000 cm Ϫ1 above the ground vibrational state, which means that the present spectroscopic studies are beginning to probe states that are influenced by linear geometries. 11 The most successful high-energy treatments of H 3 ϩ have, perhaps surprisingly, not utilized the full symmetry of the molecule. [12] [13] [14] [15] [16] [17] Studies that have exploited symmetry have focused on correctly including the permutation symmetry of the H atoms; see, for example, Refs. 18 -20. However, for spectroscopic studies the correct treatment of rotational motion is of equal importance to the treatment of the vibrations. For H 3 ϩ the natural quantization axis for the rotations lies perpendicular to the plane of the molecule. 21 In practice, detailed spectroscopic calculations have generally employed a z axis in the plane of the molecule. This is known to cause significant difficulties when the molecule samples linear geometries. 22 Sutcliffe and co-workers 23, 24 derived a generalized triatomic nuclear motion Hamiltonian that has the z axis embedded perpendicular to the plane of the molecule. Sarkar et al. 25 showed how to avoid problems with singularities with this Hamiltonian, which they tested for the water molecule. There are better internal coordinate Hamiltonians available for treating the water problem. 26 In this work we present an implementation of this z-perpendicular Hamiltonian within the framework of our discrete variable representation ͑DVR͒ codes 27 and show that this form is a good one for studying H 3 ϩ , both from the perspective of high accuracy spectroscopic studies and for treating highly excited states, above the barrier to linearity. This suggests that this method should provide a useful starting point for treating rotational excitation in the near-dissociation region. 17 
II. THEORY
The Hamiltonian used here is expressed in Radau internal coordinates 28 that connect a distinct central atom with two identical other atoms. The body-fixed axis system places the z axis perpendicular to the plane of the molecule, the x axis bisects the Radau angle and the y axis is then chosen to make a right-handed set. The vibration-rotation kinetic energy operator ͑KEO͒ can be written as
where ͑in atomic units͒
In these equations, R 1 , R 2 are the lengths of the two Radau vectors; cϭcos() and is the angle between R 1 and R 2 , and J x , J y , J z are standard rotational angular momenta operators. The nonzero elements of the G matrix are given by
where
͑10͒
This form of the Hamiltonian is as given by Sarkar et al. 25 However, we have checked that it is equivalent to those of Sutcliffe and co-workers, 23, 24 who use a somewhat different notation.
Following Sarkar et al. 25 and to allow for correct behavior at linear geometries, Jacobi functions are used to represent the motions in the internal angle . These are given by
where h jab Ϫ1/2 is a normalization constant and P j ab (c) are Jacobi polynomials. As discussed further below, the choice,
where J and K are the rotational angular momentum and its projection on the body-fixed z axis, ensures that the molecule behaves correctly at linear geometries. To obtain real matrix elements with this Hamiltonian, it is necessary to transform the rotational matrix elements. The resulting rotational basis functions are
͑denoted ͉JK͘ below͒ is a rotation matrix. 30 With these functions, the rotational parity of the state is given by (Ϫ1) JϩK , and functions the symmetry with respect to interchange of the two identical atoms is given by (Ϫ1) qϩs , where sϭ0,1 and, as discussed below, represents the symmetry of the radial functions. For a given J, the Hamiltonian is therefore subdivided in four separate blocks according to the parity of K and qϩs. 25 Figure 1 illustrates the structure of these four blocks.
Following the general procedure of Sutcliffe and co-workers, 23 ,24,31 we define an effective radial Hamiltonian by integrating the KEO's defined above over all angular coordinates. Details of this procedure are given in the Appendix and only the final results are given below.
The effective vibrational KEO is diagonal in both the rotational and angular basis:
The rotational KEO also has a diagonal contribution as well as coupling K blocks differing by two:
͑15͒
Finally, the Coriolis KEO couples terms diagonal in K but differing in q,
͑17͒
Besides these terms, there is a special case that must be considered for the case when Kϭ1. For this case there are extra terms both on the diagonal, augmenting ͗JKq j͉T vib ͉JKЈqЈ j͘:
͑18͒
and on the off-diagonal augmenting ͗JK jq͉T cor ͉JKЈ jqЈ͘,
where s is the parity of the radial basis; see Eq. ͑21͒. 
͑20͒
where the r subscript on the M ϩ term signifies that the rotational mass is to be used.
III. METHOD OF SOLUTION
The z perpendicular embedding has been implemented within our DVR3D program suite 27 and will be part of a new addition to be published soon. 32 These programs use a discrete variable representation ͑DVR͒ to represent the vibrational wave functions on a grid rather than as a basis function expansion. The DVR has the advantage that, within the socalled quadrature approximation, the potential is completely diagonal. Similarly diagonal in K matrix elements of the form ͗ j͉ f (c)͉ jЈ͘, where f (c) is some simple, nondifferential function of c, can also be evaluated straightforwardly in the DVR. Other bending matrix elements, such as those offdiagonal in K, are evaluated using the basis functions and then transformed to the DVR. 26 Within a DVR, symmetrized radial functions can be written as
where ␣ and ␤ are grid points in the r 1 and r 2 coordinates, respectively. In this work, as elsewhere 26, 27, 31 we use Morse Oscillator-like functions to represent the motions in the radial coordinates.
For problems involving rotational excitation, we first solve the separate, pure ''vibrational'' problems defined by fixing a particular combination of K and q. Solutions of these problems are then used as a basis for the full rotationvibration problem. 33 This two-step method has long been known to be a good method of treating problems with significant rotational excitation. It is particularly efficient when the intermediate quantum number, here K, is nearly conserved in the system in question. In favorable cases the computer time required to solve a given problem increases only linearly with J, instead of the J 3 scaling, which might be expected for direct approaches that do not first solve the intermediate problems.
IV. RESULTS

A. Water
Initially we tested our z-perpendicular method for the water molecule as we have considerable experience working on this molecule. In this case it is only necessary to consider rotationally excited states since calculations for Jϭ0 are entirely equivalent to those performed by us routinely for this molecule using DVR3D; see Ref. 34 , for example. There are two factors that come into play here: first for Jϭ0 the Hamiltonian depends only on the vibrational coordinates used and not the axis embedding, and, second, in this case the Jacobi functions used here for the coordinate are the same as the Legendre polynomials used in our previous calculations.
Test calculations on H 2 16 O were performed using the barrier-corrected potential energy surface of Kain et al. 34 Calculations performed with our new program were compared with ones performed using Radau coordinates with a bisector embedding implemented as a standard option in DVR3D. 27 This embedding places the z axis in the plane of the molecule, perpendicular to the x axis, which bisects . Initial calculations used 21 radial grid points and 20 angular grid points. The two-dimensional radial Hamiltonians were diagonalized for each angular grid point. The lowest solutions of these problems were selected on energy grounds to provide a basis for the three-dimensional vibrational Hamiltonian. In each case a first step, vibrational Hamiltonian of size 2000 was diagonalized and 100 solutions retained from each K block to solve the full rotation-vibration problem, which thus gives a maximum secular matrix size of 100 ϫ(Jϩ1). Table I compares for results of these calculations for J ϭ3. For the lower lying levels there is excellent agreement between the two methods. However, for some higher states, particularly those with significant bending excitation, the agreement is less satisfactory. Calculations with the new method and 30 grid points in the coordinate show that the previous angular grid was not converged. Indeed, these new calculations still do not perform as well as the smaller bisector embedding calculations. We can therefore conclude that the z-perpendicular embedding is less suitable for water than the standard, bisector embedding.
That this new method is not optimal for water is not altogether surprising: a z-perpendicular embedding is not a natural one for water. It is well known that the K a quantum number is the important one in the case of water. 35 Part of the reason for the success of studies on water using the bisector embedding compared to other methods ͑see Ref. 36 , for example͒ is because in this method k, the intermediate quantum number in the two-step variational procedure, is very close to K a .
B. H 3
¿
The z-perpendicular embedding is not optimal for water, however, there are a number of reasons for suspecting it will be very good for H 3 ϩ . The most obvious of these is the observation that for a rigid symmetric top, projection of the J along the symmetry axis is a conserved quantum number. For H 3 ϩ this axis is the one perpendicular to the plane of the molecular and, although vibrational angular momentum and Coriolis coupling complicate this picture, 21 K is still an important quantum number in this molecule. Less obviously, it transpires that the Radau coordinates used also have advantages since they are better able to deal with the singularities that arise when either vibrationally or rotationally excited H 3 ϩ samples linear geometries. 17 This is because the barrier to linearity lies at finite values of r 1 and r 2 in Radau coordinates, whereas in Jacobi coordinates one of the ͑symmetry-related͒ barriers lies at r 2 ϭ0. This feature was actually the main reason we chose to explore this method.
An additional reason for using the z-perpendicular embedding concerns the model developed by Polyansky and Tennyson 10 to represent rovibrational motion of the H 3 ϩ ab initio. This model yielded results of approaching spectroscopic accuracy partly by using different masses for the vibrational and rotational motions of the molecule, which leads to the extra term discussed above; see Eq. ͑20͒. However, any treatment that distinguishes between vibrational and rotational motion depends implicitly on the body-fixed axis system employed. Many years ago, Eckart 37 demonstrated how to define axes that lead to optimal separation of vibrational and rotational motion. Recently some progress has been made in marrying Eckart's embedding with internal coordinates, 38 although the resulting Hamiltonians are complicated. For triatomic molecules, such as H 3 ϩ , all embedding, including Eckart's automatically place one axis perpendicular to the plane of the molecule. Since the size of the centrifugal coupling term depends on the difference between rotational constants, it is advantageous to choose the z axis so that its rotational constant is the most distinct. For H 3 ϩ this is clearly perpendicular to the molecular plane since, at least 10 who used Born-Oppenheimer potentials, including an electronic relativistic correction, and adiabatic surfaces derived from the ultrahigh accuracy electronic structure calculations of Cencek et al. 6 Our calculations used 21 point grids for the Morse oscillatorlike functions that were defined using the parameters 31 r e ϭ1.8 a 0 , D e ϭ0.07 E h , and e ϭ0.0118 a.u., which we optimized for the problem. Here 40-points were used in the angular grid and the first step Hamiltonian of size 2500, after diagonalization and trunctionon the 40 stretch-only problems, was diagonalized to provide 200 functions for each K,q combination for the full Hamiltonian. This level of calculation converges the results quoted here to within 0.005 cm Ϫ1 in all cases. A full set of results are given in the EPAPS archive 39 and only sample results for Jϭ3 and Jϭ10 are presented here. Before analyzing these in detail, it is worth noting that previous high accuracy work using Jacobi coordinates and inplane embedding of the z axis could not give reliable results for Jϭ10 because of difficulties with treating linear geometries. 40 Tables II and III compare our results with the newly derived H 3 ϩ experimental energy levels of Lindsay and McCall, 42 which supercede those of Dinelli et al. 40 The quantum number notation used also follows Lindsay and McCall. 41 who used spectroscopic data to refine their potentials. Both calculations explicitly included allowance for non-Born-Oppenheimer effects.
As with the previous study by PT, the level of agreement with experiment for a pure ab initio treatment is generally excellent. For Jϭ3, for which a direct comparison with PT can be made, the new results are somewhat better in two respects. Except for the highest vibrational states, discussed below, the overall deviation from experiment is smaller. Furthermore, it is smoother, with errors of similar sign and magnitude ͑typically 0.05 cm Ϫ1 ͒ for Jϭ3 levels belonging to a particular vibrational state.
The present calculation is the first time states with J Ͼ5 have been computed using the PT model for vibrational nonadiabatic effects. Looking at the Jϭ10 results presented in Table III , it is apparant that the error in the individual levels is systematically larger ͑typically 0.2 cm Ϫ1 ͒ than those observed for Jϭ3. It should be noted that the PT model uses nuclear masses for the rotational KEO 10 and makes no other allowance for rotational non-adiabatic effects. It would seem that the deviations from experiment, which we find increase systematically with J, are due to the neglect of these rotational nonadiabatic effects. We are presently working on this aspect of the problem.
Finally, as noted above there are larger deviations from experiment for levels associated with the highest vibrational states. This is true for both Jϭ3 and Jϭ10 calculations. Tests comparing results obtained using both PTs and the Jacquet et al. 7 fits to the Cencek et al. ab initio data 6 show that, unlike the lower states, these vibrational states show considerable sensitivity to the exact fit of the ab initio points, which gives the potential in an analytic form. Both these fits reproduce the Cencek et al. ab initio data to high accuracy so it would seem that this sensitivity is to regions of the surface not covered in this ab initio study. Comparisons with more comprehensive but slightly less accurate ab initio calculations 43 confirmed that there are significant, asymmetric low-lying regions of the potential that were not covered by the 69 MBB 44 grid point used in the Cencek et al. calculations. It is the different extrapolations into regions not covered by these points that account for the different results obtained.
V. CONCLUSION
Triatomic rotation-vibration Hamiltonians that place the z axis of the body-fixed axis system perpendicular to the plane of the molecule have been derived independently by Sutcliffe and co-workers 23, 24 and Sarkur et al. 25 We have implemented a two-step procedure based on these Hamiltonians using a discrete variable representation ͑DVR͒ for the vibrational coordinates and solutions of Coriolis decoupled rotational problems as a basis for the full rotation-vibration problem. These programs have been included as part of our updated DVR3D program suite and will be published soon. 32 Test calculations using our new procedure for water show that this method is not as efficient for this molecule as one that places the z axis close to the A rotation axis of the system. 26 Conversely, calculations on H 3 ϩ suggest that this method has a number of advantages for this system, which means that it is appropriate for treating both states with high vibrational or high rotational excitation, or indeed both, suggesting that the method should be suitable for treating rotationally excited states at dissociation.
A comparison with high accuracy calculations, performed beyond the Born-Oppenheimer approximation, with experimentally derived energy levels shows good agreement for levels with low rotational excitation. This is in line with a recent study on the overtone spectra of H 2 D ϩ and D 2 H ϩ found that the use of an effective vibrational mass gave excellent predictions for new low-temperature experiments on these species. 45 However, our calculations do display systematic disagreement with increasing rotational excitation. Since the method used to treat nonadiabatic coupling in these calculations only allows for vibrational effects, it is probable that these errors are due to rotationally nonadiabatic effects. We are currently working on this aspect of the problem.
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APPENDIX: DERIVATION OF THE MATRIX ELEMENTS
In this appendix we derive the angular matrix elements given in Eqs. ͑15͒-͑19͒ for the kinetic energy operators ͑KEOs͒ ͑2͒-͑4͒ using the angular basis functions ͑11͒ and rotational functions ͑13͒. A less full account of this derivation can be found in Sarkar et al. 25 Each KEO is considered in turn.
Vibrational operator, T vib
This operator is diagonal in both K and q,
͑A1͒
Following Johnson, 46 the matrix element over the angular integral can be evaluated as follows:
where, for the present study, a and b are defined by Eq. ͑12͒ and hence give the J dependence of these matrix elements.
The rotational operator T rot
Within the z-perpendicular embedding, the rotational KEO is given by
͑A3͒ Letting this act on a rotation matrix, ͉JK͘, gives
where A JK Ϯ is defined by Eq. ͑16͒. Using the symmetrized rotational functions gives In the bending basis, the matrix elements for operator F are
͑A8͒
Coriolis term in the rotational basis
ͳ j ͯ Ϫ 1 2 M Ϫ ͩ ‫ץ‬ ‫ץ‬c ͑ 1Ϫc 2 ͒ 1/2 ϩ͑1Ϫc 2 ͒ 1/2 ‫ץ‬ ‫ץ‬c ͪͯ jЈ ʹ ϭϪ 1 2 M Ϫ ͳ j ͯ Ϫ c ͑ 1Ϫc 2 ͒ 1/2 ϩ2͑1Ϫc 2 ͒ 1/2 ‫ץ‬ ‫ץ‬c ͯ jЈ ʹ ϭϪ 1 2 M Ϫ ͩͳ j ͯ Ϫ c͑1ϩ2aϩ2 j ͒ ͑ 1Ϫc 2 ͒ 1/2 ͯ jЈ ʹ ϩ ͳ j ͯ 2͑ jϩa ͒ ͑ 1Ϫc 2 ͒ 1/2 ͑ h jϪ1 ab ͒ 1/2 ͑ h j ab ͒ 1/2 ͯ jЈϪ1 ʹͪ . ͑A14͒
Extra terms for the KÄ1 case
Part of the rotational KEO T rot , referred to as T (2) rot below, couples rotational functions that differ in K by two. A special case arises for symmetrized basis functions with Kϭ1 as this operator couples rotation matrices ͉J1͘ with ͉JϪ1͘, even for the diagonal element. A similar situation is found for the ''bisector embedding case'' which differs from the present Hamiltonian in that y and z axis embeddings are swapped over. 26 The extra contribution to the diagonal ͑in K͒ block of the matrix that arises from this coupling of the Kϭ1 basis functions is For the off-diagonal case, i.e.,Ј, the extra contribution is ͗J1q͉T Kϭ1 ͉J1qЈ͘
